Immediate successors and predecessors of Fibonacci and Lucas numbers
Fibonacci numbers F" are often defined by the recursive formula F" = F n .i+ F"_ 2 (1) where Fi = F 2 = 1, and n > 3. Lucas numbers L n are also often defined recursively:^ = L n _ x + Z^_ 2 , where L\ = \,Li = 3, and n > 3. Both formulas, although easy to work with, require two consecutive elements in either sequence to compute the next one in the sequence.
Interestingly, the immediate successor F n + l of F n can be computed without knowing F"-j. To see this, let a = (l + V5)/2, the golden ratio, and /? = (l -V5)/2 = 1 -a = -1 la. Using the recurrence relation (1), we have:
for n > 2. See [1, 2] for an alternate proof of this. For instance, the immediate successor of the Fibonacci number F 20 = 6765 is given by l_6765a + ^ = 1.10946.4999... J = 10946 = F 21 .
The recursive formula (3) provides a bonus. It can be used to compute the ratios F" + ] / F" as n -> °°, without resorting to the method of continued fractions.
It follows from (3) that F" + 1 = aF n + \ -G n for some real number 0 n , where 0 < 6 n < 1. Then
Therefore, lim = a + 0 + 0 = a a fact that is well-known [1, 2] . Interestingly, formula (3) can be used in the reverse direction also. Using the double inequality (2) , it can be shown that F n 1 Formula (4) shows that lim = -. We leave the details as an n -> °° t n + 1 CL exercise. Formulas (3) and (4) can be written in terms of the ceiling function \x\, where \x~\ denotes the ceiling of x, that is, the least integer > x:
n > 2 (6) a For instance, using formula (5), the immediate successor of 
